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ABSTRACT A theory of the static and dynamical structure factor of a solution of charged rodlike polymers 
for the isotropic and VH-depolarized scattering was developed as an extension of our previous theory for 
uncharged rods. The potential of mean force was approximated with a sum of hard-rod and screened Coulomb 
interaction potentials. In the limit of zero polymer charge or zero Debye length, the theory reduces to the 
previous one for uncharged rods. The following are the major conclusions: (i) The isotropic dynamical 
structure factor, g(k,t), and VH-depolarized one, gw(k,t), were given as functions of the scattering vector 
k, delay time t ,  rod length L and diameter b, polymer number concentration v, the Debye length ~ - 1 ,  and 
polymer charge density u. The static structure factors g(k) and gW(k) were also given in an approximate 
but analytical form. It is very easy and straightforward to evaluate the structure factors for arbitrary values 
of the parameters. (ii) The structure factor of a suspension of charged rods can be approximated with that 
of equivalent uncharged rods having an effective diameter b,fi. The approximation holds very well within 
a few percent of relative error, if a smaller value of the effective diameter b.fi is used for the depolarized 
scattering than the one used for the isotropic scattering. (iii) The present theory is applicable to suspensions 
of rods, the effective axial ratio L/b,E of which is much larger than unity. 

1. Introduction 

There is increasing interest in the structural and 
dynamic properties of suspensions of interacting charged 
rodlike particles,lI2 i.e., in connection with the initial stage 
of rodlike growth of ionic micells and scattering experi- 
ments on polyelectrolytes and filamentous viruses in 
aqueous solutions. For simpler systems like spherical 
particles, whether they are charged or not, methods of 
liquid-state theory were applied to derive the radial 
distribution function g ( r ) ,  from which all thermodynamic 
properties can be calculated. 

We have presented a theory of the static and dynamical 
structure of a solution of uncharged rodlike 
polymers in the isotropic phase. For charged rodlike 
polymers, however, theoretical results are available only 
for weakly interacting systems6t7 or for alimiting case where 
the rod length L is much longer than the mean interaxial 
distance.8 Another limitingcase was studied by the Monte 
Carlo simulation?J0 where the rod length L is much shorter 
than or a t  most of the order of the mean distance between 
the center of mass of the rods. Studies on these limiting 
cases alone are clearly insufficient, and theories having 
wider applicability are to be developed. 

The biggest trouble in theoretically treating a charged 
rod system is that we have not an exact expression for the 
electrostatic potential of mean force we(r-r’,u,u’) between 
two rods in configurations (r,u) and (r’,u’), where r and 
rr are the position vectors of the center of the two rods and 
u and ur the orientation unit vectors of the long axis of 
the rods. Let us imagine the electrostatic potential around 
a charged rod of length L in an aqueous solution, in which 
the Debye screening length is K - ~ .  If KL >> 1, the 
electrostatic potential near the charged rod would be well 
approximated by the one around an infinite line of charge, 
but when we see the rod from a distance, it should appear 
as a point charge. This intuitive view was proved to be 
the case by a numerical computation based on the Debye- 
Huckel approximation,” and the characteristic length at 
which the potential crosses over from the near-field one 
to the one created by a point charge seems to slightly 
increase with increasing the KL value. Though the 

electrostatic potential around a charged rod can be easily 
imagined, no analytical form is available for the potential 
we( r-rr,u,u’). 

Let us think about the relationship between the elec- 
trostatic interaction among charged rods and the isotropic- 
nematic phase transition of a solution of the rods. Even 
when the rods have no charge, there exists the hard-rod 
interaction, which not only gives the excluded volume but 
also tends to orient the rods.3 If they are highly charged, 
the rod diameter would effectively increase above the bare 
diameter b by as much as the Debye screening length K - ~  
on the order of magnitude. In fact, the osmotic second 
virial coefficient A2 of a solution of charged rodlike 
polymers12J3 is equivalent to the one due to the hard-core 
interactions of uncharged rigid rods having an effective 
diameter b,fflarger than b. Though the increased effective 
diameter b,ff seems to strengthen the hard-rod interaction 
and enhance the rod orientation, we also have to take into 
consideration the fact that the electrostatic interaction 
between two charged rods would disorient the rods, because 
the charge-charge repulsion between two rods is stronger 
when they are placed parallel with each other than when 
they are placed pe rpend ic~ la r . ’~~~~  There thus remains a 
question whether and how the electrostatic interaction 
affects the isotropic-nematic phase transition of a solution 
of charged rodlike polymers. 

The aim of this paper is first to extend our previous 
theory to charged rod systems. A reasonable starting point 
would be an approximation of the potential of mean force 
w(r-r’,u,u’) with a sum of the hard-rod term wh(r-r’,u,u’) 
and the electrostatic one we(r-r’,u,u’). We expect the 
potential w would naturally include the tendency that two 
charged rods avoid the parallel configuration. The second 
aim of the paper is, therefore, to give an answer to the 
question posed in the above. Since the present theory 
differs from the previous one only in the interrod inter- 
actions, we shall first begin with the potential of mean 
force w(r-r’,u,u’) between two charged rods. Second, we 
shall derive from w(r-r’,u,u’) the interaction potential 
Wk(U,U’) for fk(U,t), where k is the scattering vector, and 
fk(U,t), the spatial Fourier transform of the average number 
density f(r,u,t) of rods in the configuration (r,u) at  time 
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t. Third, we shall give approximate but analytical forms 
of the static structure factors g(k) and g d k )  for the 
isotropic and VH-depolarized scattering, respectively, and 
show that a charged rod can be modeled as an uncharged 
rod having an effective diameter beR, the value of which 
must be taken differently according to whether the 
scattering is isotropic or depolarized. Fourth, we shall 
give the dynamical structure factors g(k,t) and gw(k, t )  
in the matrix representation, give results of numerical 
computation, and discuss the validity of the uncharged 
rod approximation. Finally, we compare the solution 
structure factor S(k) with the ones experimentally ob- 
served and discuss the applicability of the present theory. 
2. Interaction among Charged Rods 

Since our theory for uncharged rods is already described 
in refs 3-5, we shall a t  first focus our attention on the 
potential of mean force between two charged rods. 

2.1. Potential of Mean Force w(r-r’,u,u’). We 
approximate a charged rod with a rigid rod of length L 
and diameter b having a line segment of charge on the 
long axis of the rod. We assume the potential of mean 
force w(r-r’,u,u’) is given by a sum of the hard-rod term 
wh and electrostatic one we 

(1) 

(r’,u’) overlap 
= 0 otherwise (2) 

w(r-r’,u,u’) = wh + we 
d(r-r’,u,u’) = m if the rods a t  (r,u) and 
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approximated with the one around an infinite line of 
charge. We also assume that the electrostatic part we of 
the potential of mean force is much less than unity unless 
the extended zones of the two rods overlap each other. 
The shape of the zone is assumed to be a cylinder16 of 
length L and radius rE. The rE value seems to gradually 
increase with KL (cf. Figure 3 of ref ll), but, as long as 
exp(-2~rE) << 1, the precise rE value is not important in 
our treatment. The extended zone, of course, includes 
the hard-core overlap region. Let V and WE be the win- 
dowing functions, which are respectively unity in the hard- 
core and extended-zone overlap regions but otherwise zero: 

WH(r-r’,u,u’) = 1 if the rod (r,u) and (r’,u’) overlap 
= 0 otherwise (8) 

U@(r-r’,u,u’) = 1 if the extended zones of the 
rods overlap 

= 0 otherwise (9) 
where V is formally written as WH = 1 - exp(-wh), which 
we call the hard-core interaction potential. We have from 
eq 7 

w = wH exp(-we) + @[I - exp(-we)1 + (1 - V ) w e  

where s and s’ are the contour coordinates on the rod (r,u) 
and (r’,u’), respectively, and P ( r )  ds ds’ stands for the 
screened Coulomb potential energy between charged line 
elements ds and ds’ separated at distance r 

ds ds’ exp(-rr) V(r) ds ds‘ = u2L,- r (4) 

where cr is the number of elementary charges on the unit 
length line segment and LB the Bjerrum length defined by 
the following expression for a solvent of relative permit- 
tivity e: 

(5) 
where k B  is the Boltzmann constant, T the absolute tem- 
perature, and q the charge of a proton. The Bjerrum length 
LB is 0.7136 nm in water at 25 “C, and we shall put kBT 
to unity hereafter. The Debye screening length K - ~  is given 
by 

K-l = (8nLBv,)-”2 (6) 
where uB is the number concentration of mono-mono va- 
lent sal t. l4 

2.2. Interaction Potential W(r-r‘,u,u’). Let us define 
the interaction potential W(r-r’,u,u’) as 

W(r-r’,u,u’) = 1 - exp(-w) = 1 - exp[-(wh + we)] (7) 
The quantity W(r,u,u’) is actually a complement of the 
probability density function for the center-of-mass dis- 
tance r and the orientation u and u’ of two rods, but we 
shall call Wthe interaction potential? because the quantity 
W(r-r’,u,u’) works as a potential function in a kinetic 
equation for the average number density f(r,u,t) of rods 
in the configuration (r,u) a t  time t. 

We assume that there extends a zone out of the hard 
core of a charged rod, where the electrostatic potential is 

where we** = weW* with asterisk = “H” or “E”, and we 
used WEWH = WH. Putting WH = WE for the low charge 
limit, we write W as 

(11) 
Note that wepH and wetE are respectively the electrostatic 
potentials truncated in the hard-core or extended-zone 
overlap regions. Neglecting the end effect in the truncated 
electrostatic potential, we approximate the potential with 
the one between two infinitely long line charges.8 

W(r-r‘,u,u‘) = V + we - wevH 

we?* = - exp(-Kr) W* (asterisk = H or E) (12) 

Y = 27ru2~,K-1e-Kb (13) 
where r is the shortest distance between the two line 
charges and a nondimensional parameter Y characterizes 
the strength of the electrostatic repulsion between two 
charged rods.16 Note that lu X u’I is in the denominator, 
which makes the two rods avoid the parallel configura- 
tion.17 We consider eq 12 holds well for wetH but is not so 
good for we$, because the infinitely long line-charge 
approximation becomes progressively worse with the 
increase of the rod separation. 

2.3. Spatial Fourier Transform of W(r-r‘,u,u’). Let 
wk(u,U’) be the spatial Fourier transfor” of W(r- 
r’,u,u’), where k is the scattering vector. The computation 
of wk(U,u’), being easy but tedius, is described in section 
A of the Appendix. Using eqs A.2, A.4, and A.7-9 and 
neglecting the k terms, we finally have wk(U,u’) as 

lu x U’I 

wk(u,u’) = 2bL2Sk(u)sk(u’)lu x u’l x 

[ 1 + A T  + In (& + E -  l( lu :,’Jl l (14) 

where Sk(U) is defined by eq A.3, &(x) stands for the 
exponential integral, and is Euler’s constant. 
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and sine components of the depolarized structure factor 
gw(k)  with respect to the scattering angle 0 .  Function 
&(u) stands for the k component of the normalized electric 
field of the light scattered from a rod with orientation u, 
and df’(u) denotes the angular component of the electric 
field dk(u) of the VH-depolarized scattered light; &(u) = 
dt’(u) cos (0/2)  + dt’(u) sin (0/2).  The asterisk of si 
(u) anddf”( u) stands for the complexconjugate. Function 
Sk(U) is given by eq A.3 and df’(u) by6 

df’(u) = sin e cos e sin @k(U) (for f = c) 

= sin’ 8 sin 4 cos &k(U) (for 5 = s) (22) 
where e and 4 are respectively the polar and azimuthal 
angles of the orientation unit vector u in a polar coordinate 
system, the polar axis of which is the scattering vector k. 

Since we have no analytical form of the inverse of 
operator @k, eqs 19 and 21 are not usable as they are. 
Rewriting the structure factors in terms of vectors and 
matrices is the method we adopted in our previous 
 paper^.^^^ Since matrix @that  corresponds to operator @k 
is real and symmetrical, it is an easy task to compute the 
inverse matrix 9-’ and the structure factors g(k) andgw- 
(k). (An explicit form of matrix @ for the present problem 
is given in section D of the Appendix.) In order to see the 
physical meaning of eqs 19 and 21, however, we shall a t  
first use an approximate but much easier method. 

3.1. St ruc tu re  Factors  i n  the  van der  Schoot- 
Odijk Representation. van der Schoot and Odijkls 
recently derived a closed form forg(k) using the Schwinger- 
type variational principle.20 Applying their procedure to 
eqs 19 and 21, we easily have 

In the low charge limit, we have from eqs 11, A.4, and 
A.5 

(15) 
Equation 14 agrees with eq 15 for the low-charge limit Y - 0, as it should. When Y >> 1, we may put E1(Y/lu X 
u’l) = 0 in eq 14, irrespective of the lu X u’I value, and have 
an asymptotic form for large Y as 

wk(u,u’) = 2bL2Sk(u)Sk(u’)lu x U’I x 

The terms enclosed by braces in eqs 14 and 16 agree with 
each other within 1% of relative accuracy for Y > 2 and 
within 0.1% for Y > 3. 

Equation 14 has a number of desirable features required 
for the interaction potential of charged rod systems. 

1. When Y - 0 or Kb - m, w k  reduces to the interaction 
potential previously derived for uncharged rods. 

2. The interaction potential w k  is an increasing function 
of Y and K - ~ .  

3. When the two rods are placed parallel with each 
other, the potential w k  logarithmically diverges in its ratio 
against the hard-rod potential and thus makes the two 
rods avoid the parallel configuration. 

be, = b [ l +  (~b)- l{y + In ( Y / ~ u  x u’l) + E,(Y/lu x u’l)jl 

(17) 
Equation 17 agrees with our previous expectation that the 
effective diameter b,ft would be a sum of the hard-core 
value b and the Debye length K-, with a numerical 
coefficient of the order of unity. 

Equation 14 is the basis of our theory, but the orien- 
tational weighting factor 1 /Ju  X u’l included in the 
exponential integral &(x) prevents us from widely using 
the equation in our theory. Though eqs 15 and 16 
respectively hold for Y << 1 and Y 2 2, they are 
mathematically tractable and, what is more important, 
retain most of the desirable features noted above. We 
shall mainly use eqs 15 and 16 hereafter. 

3. S t ruc ture  Factors 
We shall give in this section structure factors in two 

representations; one is based on the procedure recently 
given by van der Schoot and Odijk,ls and the other is 
written in the matrix representation. 

Using the interaction potential wk(U,u’), we easily have 
static structure factors g(k) and gvH(k) as  follow^.^*^ Let 
@k be an operator that expresses the mean-field rod-rod 
interaction+ 

4. Let us define the effective diameter beff by 

@.lfk(u) = Jdu’ [ 6(u - u’) + ywk(u,u’)]fk(u’) 4x  (18) 

where fdu) denotes an arbitrary function of the orientation 
unit vector u. The static structure factors g(k) and gVH- 
(k) are given by495J9 

g(k) = L(Sk(U)@~’S;(U)) (19) 

gvH(k) = gtk(k) cos2 (8/2)  + g$k(k) sin2 (19/2) (20) 

&(k) = L(df’(u)@k-’df”(u)) ( f  = KC” Or %”) (21) 
where (...) denotes the orientational average (4x)-lJdu, 
and g$$k), with f = “c” and Ksn respectively the cosine 

We computeeqs 23 and 24 in the following way. Expanding 
lu X u’I and Iu X u’l In (lu X u’l) with spherical harmonics 
Yim( u) and Yim( u’) and truncating at 1 = 2, we approximate 
eq 16 as 

wk(u,u’) = 2bL2sk(u)sk(u’) x 

c0 = 1 + (Kb)-l(y In Y- 1/2 + In 2) (26) 

(27) 
(See eqs C.l and (2.3 in the Appendix.) Using eqs 18 and 
25, we have from eqs 23 and 24 

dk) = 

c2 = {1 4- (Kb)-’(y + In Y- 5/4 In 2))/16 

whereK kL/2. Functions G(K), G2(K), and G$’ ( K )  for 
f = c and s are given in section E of the Appenlix. 
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Equations 28 and 29 suggest that we may approximate 
charged rods with uncharged ones. Consider replacing co 
and c2 in eq 28 with the zero-charge coefficients C: (11) 
and ci (=1/16). Since the second term within the bracket 
in the denominator of eq 28 is a t  most a few percent as 
large as the first one, this replacement does not appreciably 
change the g(k) value, if the bare diameter b is simulta- 
neously replaced with an effective diameter beff,o e (co/ 
c:)b. Likewise replacement of c2 and b in eq 29 with cf and 
beff,, 5 (cz/ci)b does not affect the g$k(k) value at  all. 
Equations 28 and 29 after the replacement express the 
structure factors for the equivalent uncharged rods. 
3.2. S t r u c t u r e  Fac to r s  i n  t h e  Mat r ix  Repre-  

sentation. Using results in our previous papers,4*5 we 
have the dynamical structure factors g(k,t) and gvH(k,t) 
in the matrix representation as 

g(k,t) = LsTU exp[-At]U-'@-'s (30) 

gv,(k,t) = gtk(k,t) cos' (9/2) + gg(k , t )  sin' (9 /2)  (31) 

g$k(k,t) = %(dTu exp[-At]U-'@-'d}('") 
(m = 1 for 5 = c, and m = 2 for f = s) (32) 

where s and d are column vectors derived from function 
sk(u) and @(u) with 5 = c and s, respectively, superscript 
T of sT and dT denotes transposition, U and A are 
respectively the eigenvector and eigenvalue matrices of 
matrix Q that expresses the translational-rotational dif- 
fusion of a rod under the influence of other polymers, and 
{.Jm) stands for the operation that extracts the mth sub- 
vector or submatrices placed between the braces. The 
numerical factor 2 in the right-hand side of eq 32 comes 
from the symmetry of the subvectors and submatrices5 
with respect to Am. 

Putting t = 0 in eqs 30 and 32, we easily have the static 
structure factors 

g(k) = LsT@-'s (33) 
g&(k) = 2~{d~@-'d)('") 

(m = 1 for 5 = c, and m = 2 for f = s) (34) 
The following is noteworthy. When we discuss the 

angular dependence of the depolarized structure factors 
gvH(k) and gvH(k,t), we shall deal with only their angular 
components g$k(k) and g$(k,t), because eqs 20 and 31 
for the angular average are so simple and because the 
angular components gvk(k) and g$k(k,t) scale5 with kL. 
Suppose one wants to compute the depolarized dynamic 
light scattering spectrum of a suspension of length L rods 
at  a particular scattering angle 9. Equation 31 tells us 
that the procedure for computing is (1) to get the kL value 
from 9 and L, (2) to compute the angular components 
g!&(k,t) with 5 = c and s for the kL, and (3) to compute 
an angular average of the components by using eq 31. Since 
steps 1 and 3 are nothing but trivial, it is sufficient for us 
to know the kL dependence of the angular components of 
the depolarized structure factors. 

4. Numerical Computation 
In this section, we shall numerically compute structure 

factors for charged rods and equivalent uncharged ones, 
and show that the latter structure factor is a good 
approximation of the former. 

4.1. Parameter  Values Used. Having the van der 
Schoot-Odijk representation and matrix one, we are now 
able to numerically compute both static and dynamical 
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structure factors, which are functions of six adjustable 
parameters; Y, k, L, b, K-', and u. Six being too many, we 
shall use only typical parameter values chosen in the 
following way: 

In order to see the charge effect clearly, we assume that 
our polymer molecules are highly charged, for which we 
determine the charge density u by the counterion con- 
densation theory:'lt2' u = ~ / L B .  

A very thin polymer cannot be rigid enough. We assume 
the polymer diameter is larger than that of a helix: b 2 
1.4 nm. 

Our theory requires the effective axial ratio L/befi be 
muchlarger than unity.23 Assuming L / b  = 150 and rather 
arbitrarily taking 10 as the lower limit of L/ beff, the lowest 
ionic strength, for which our theory is expected to work, 
would be -1 mM. 

Equation 16 requires that Y 1 2, which determines the 
upper limit of the ionic strength to be -100 mM. Our 
previous theory will serve above 100 mM of the ionic 
strength. 

Based on these considerations, we numerically computed 
the structure factors of a solution of charged rods and 
equivalent uncharged ones of the size of fd virus particles 
(L = 895 nm, b = 6.8 nm) suspended in a 1 mM ionic 
strength solvent. We shall compare in the next two sections 
results of numerical computation for charged rods with 
those for uncharged ones and discuss whether the un- 
charged rod model is a valid approximation for the 
structure factors of charged rod suspensions. 

4.2. Static St ruc ture  Factors. We shall consider in 
this section relative accuracies of various approximate 
forms of the static structure factors, each of which is 
classified according to whether it is for charged rods or 
equivalent uncharged ones and whether it is written in 
the matrix representation (eqs 30-34) or van der Schoot- 
Odijk one (eqs 28 and 29). There are four approximate 
forms of the structure factors: (1) g(k) and g$(k) for 
charged rods in the matrix representation (the most exact 
one in the framework of our theory); (2) g(k) and g$ 
(k) for equivalent uncharged rods in the matrix repre- 
sentation (which we shall call gcZ)(k) and g$$(k), super- 
script z denoting zero charge); (3) g(k) and g$k(k) for 
charged rods in the van der Schoot-Odijk representation 
(which we shall call g(SO)(k) and g$io)(k)); (4) g(k) and 
gtk(k) for equivalent uncharged rods in the van der 
Schoot-Okijk representation (which we shall callg(do)(k) 
and gtGso)( k)) . 

These structure factors are computed in the following 
way: 

g(k) and g$$k) are computed by eqs 33 and 34. 
g("(k) andg$g)(k) are computed by eqs 33 and 34 after 

matrix CP is replaced with the one for zero-charge rods. 

@(Z) = E + mbeff,&'W(Z) (for g'"(k)) 

= E + rvbefl,&'W(') (for g$E)(k)) (35) 
where matrix W(z) is the interaction matrix for equivalent 
uncharged rods495 given by eq D.5. 

g(SO)(k) and g$t0'(k) are computed by eqs 28 and 29. 
gcZS0)(k) and g$fo)(k) are computed by eqs 28 and 29 

after b, CO, and cz in eq 28 are replaced with beff,o, c:, and 
ci, respectively, and b and c2 in eq 29 are replaced with 
beff,z and ci, respectively. Note that there is no need to 
compute g$gso'(k), which exactly agrees with g@''(k). 
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When we numerically compare structure factors com- 
puted for equivalent uncharged rods with those for charged 
ones, we scale the number concentration v of the former 
to keep a nondimensional product vbL2 constant; replace- 
ment of b with beff,o or be&2 is accompanied by that of u 

with vsff,o ( ~ ( c ~ ) / c o ) v )  or ~ e f f , 2  (=(c:) /c2)v) .  We measure 
the goodness of an approximation by the percent deviation 
of an approximate structure factor fromg(k) or g$k(k) for 
[ = c or s. 

Figure 1 shows percent deviation of the static structure 
factorsg(Z)(k) andg$)(k) of equivalent uncharged rods as 
functions of kL and v. The maximum deviation occurs a t  
around kL = 7-10, but the relative error never exceeds 
1.1% foru/v* 10.75wherev/v*=*vbL2/16=~ve~,obeff,,aL2/ 
16 = *v,fr,zbeft,2L2/16. Note the relationship4p5 between 
the static structure factor g(k) and initial decay rate r k  
of the dynamical structure factor g(k,t). 

rlr = = g-'(k) (36) 
where r w U  (=sT@s/sTs, 8 being a matrix that describes 
the translational-rotational diffusion of a rod) is a weight 
average of the translational and rotational self-diffusiv- 
ities of a rod in units of s-' and S(k) the solution structure 
factor defined by S(k) = s T W s / s T s .  The positive 
deviation of gtZ)(k) from g(k) therefore means smaller 
rt)thanI'korslowerdecayofg(z)(k,t)thang(k,t). Likewise 
we expect from the negative deviation of g$g)(k) that 
g!&(k,t) would decay more quickly than gvs(k,t). It will 

3 0  kL 40 0 10 20 

%De v (Ww4.5) 
1 1  I 

-3 ' I 
20 30 kL 40 0 10 

Figure 2. Percent deviation of the static structure factors in the 
van der Schoot-Odijk representation. (a) gCm)(k) and g(&)(k). 
(b) gxo)(k) and ggo)(k). 

be shown later in Figure 4 that the above expectation is 
the case. 

Figure 2 shows that the van der Schoot-Odijk repre- 
sentation is a good approximation of the static structure 
factors within a few percent of relative error. Fi ure 2a 

U/V* = 0.5, and Figure 2b shows that of gg0'(k) with [ = 
c and s. Considering its simplicity, van der Schoot and 
Odijk's method works quite well for the static structure 
factors. 

4.3. Correlation Function Profiles. Using the dy- 
namical structure factors written in the matrix form (eqs 
30 and 31 with eq D.2 or D.5), we compared the correlation 
function profiles of suspensions of charged rods and 
equivalent uncharged ones of the size of fd virus. Parts 
a and b of Figure 3 respectively show the normalized 
profiles and percent deviations of gtz)(k,t) and g$k(k,t) a t  
kL = 10 for V/U* = 0.6. Positive deviation shown in Figure 
3a means slightly slower decay of go(k,t) than g(k,t) and 
negative deviation in Figure 3b quicker decay of g& 
(k,t) thangva(k,t), whichconforms with theresultsshown 
in Figure 1. The relative error shown in the figures linearly 
increases with the delay time t. Except for the change in 
the initial decay rate, nothing anomalous happens in the 
correlation function profiles of equivalent uncharged rods. 
A note previously made4v5 is given here again; our theory 
does not predict the appearance of a slow tail in the 
correlation function, which has been experimentally 
observed. 

4.4. Solution Structure Factors. Let S(k)  and 
S&(k) be the solution structure factors defined by 

shows the percent deviation of gcS0)(k) and gCZs % )(k) a t  

S(k) = sT9-'s/sTs (37) 
S$k(k) = (dT@-'il/dTil)w 

(m = 1 for [ = c, m = 2 for .$ = s) (38) 

Figure 4 shows S(k) and S$k(k) for K b  = 0.25 and v/v* = 
0.5. Experiments on TMV and fd virus gave oscillations 
in S(k) in salt-free  solution^,^^^^^ but Figure 4 does not 
show any oscillations. The cause of this discrepancy is in 
the value of the apparent axial ratio L/ bee; in salt-free 
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a charged rod, it is b,ff,2 that gives the strength of the 
nematic interaction among rods.23 The inequality brft,2 I 
b,ft,o means that nematic interaction among charged rods 
is weaker than expected from the increase of the excluded 
volume. The characteristic concentration v* for the 
isotropic-nematic phase transition of an uncharged hard- 
rod suspension is determined by a relationship v* - 1/ bL2, 
and it is b,ff,2 that should be used in determining v* of 
charged rod suspensions. Use of br&2 in v* - 1/ bL2 gives 
higher v* values than using b,ff,o. The inequality therefore 
stands for the tendency that the electrostatic repulsion 
hinders parallel orientation of charged rods. Since the 
depolarized scattering sensitively detecta fluctuation in 
the rod orientation, it is quite natural that b,~,z appears 
in the depolarized structure factors gG(k)  and g$$ 
(k,t) of equivalent uncharged rods. 

Though our theory does not take into consideration the 
coupling of small ion and macro ion fluctuations,26 it a t  
least includes the tendency that two charged rods avoid 
the parallel orientation. Knowing well the very simple 
nature of our theory, we shall draw three conclusions here: 
The first one is that we may approximate a charged rod 
with an equivalent uncharged rod, the effective diameter 
of which is beff,o for the isotropic scattering and beft,2 for 
the depolarized one. The second is that, considering ita 
simplicity, the accuracy of the static structure factors 
written in the van der Schoot-Odijk representation is very 
good within a few percent of relative error. The last is 
that our theory is applicable only to slender rods, the 
effective axial ratio L/ beff of which is much larger than 
unity. 
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Appendix 

A. Computation of wk(U,u’). We shall compute in 
this Appendix the spatial Fourier transform of W(r- 
r’,u,u’). We obtain wk(u,U’) by computing the Fourier 
transform of each term in the right-hand side (rhs) of eq 
10. 

( - 1 ) ” 3 [ ( ~ ” ~ ~ ) ” ]  
wk(u,u’) = S[W] + - 

n = l  n! 

10.2’ 
0.0 0.1 0.2 

t /ms 

4 
0.0 0.2 0.4 

t /ms 
Figure 3. Normalized profiles and percent deviation of the 
dynamical structure factors at kL = 10 and Y Y* = 0.5. The size 

values were taken from ref 31. (a) g(z)(k,t)/g(z)(k,O); (b) 
of the rod is the same as that of fd virus. The d. iffusion coefficient 

g!&I(k,t)lg&I(k,O). 

S(k), S&k), &A(&) ( ~ / ~ * = 0 . 5 )  

0.01 ” ” ” ’ I 

Figure4. SolutionstructurefactorsS(k) andS$(k) ofacharged 
rod suspension at u/u* = 0.5. 

solutions the effective diameter of the virus particles 
becomes so large that we can no longer consider them very 
slender rods, for which our theory is expected to work. 

5. Discussion 
A comparison of structure factors for charged rods and 

equivalent uncharged ones revealed that the both structure 
factors agree with each other within a few percent of 
relative error in the entire range of kL and u and the ionic 
strength down to 1 mM. This good agreement, however, 
was obtained by using two effective diameters, b,ff,o and 
beff,2, for the isotropic and VH-depolarized scattering, 
respectively. I t  should be noted that beff,2 I befi,O, where 
the equality holds only in the zero-charge limit, but what 
does this inequality mean? 

While the effective diameter beff,o, being the same as the 
one for the osmotic second virial coefficient A2 of charged 
rod s ~ s p e n s i o n s , ~ ~  characterizes the excluded volume of 

0 10 20 30 40 
kL 

~ ( - 1 ) ” 3 ~ ~ ~ ’ ~ ) ” 1  + S[W”] - 3 [ d P E ]  (A.l) 
n=1 

where 9[ ...I stands for the spatial Fourier transform. 
We already have an explicit form of 9 [ V ]  as3 

s [ w H ]  = 2bL2sk(u)sk(u’)lu x u’l (A.2) 
where Sk(u) is defined by 

(A.3) 

It is very easy to compute the fourth term in the rhs of eq 
A.l. Using eqs 3 and 4, we have 3[we] as 

exp(ik.r)V(r) 
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The second and third terms (the infinite sums) in the 
rhs of eq A.l can be computed as follows. Using eq 12, we 
compute 31 [ (~~9~)” ]  as (see details in section B) 

3 [ ( ~ ~ * ~ ) ” ]  = 2L2sk(u)sk(u’)lu x U’I x 
nK - e-nKb[nK - (k.v)’b] (F). u x u’l (A.5) 

where v is a unit vector perpendicular to both u and u’. 
Replacing b with 2rE and assuming exp( -2~r~)  << 1, we 
have an approximate form of 3 [ ( ~ ~ - ~ ) ~ ]  as 

(nK)’ + (k*V)’ 
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expressed as 

d r = l u X u ’ l d [ d s d t  03.3) 
Using eq 12 and Straley’s oblique coordinate system, we 
write 9[welH] as 

. .  (F)” u x u’l (A.6) 
It should be noted that, except for the first few terms 

in the infinite sums in the rhs of eq A.l, we may always 
neglect (k*v)2. I t  is evident that we may do so in the 
forward scattering (k N 0 nm-l), but we may neglect them 
even in the backward scattering (k - 3.4 X nm-l for 
the refractive index n = 1.33 and the wavelength A = 488 
nm). Let us compare typical values of K and b-l with the 
maximum length of’the scattering vector k. As eq 6 shows, 
the K value at  room temperature in water ranges from 3 
X loo to 3 X 10-2 nm-1 when the ionic strength decreases 
from loo to mol. If we take the structural diameter 
of DNA as a typical b value, we have the b-’ value as 0.4 
nm-l. The (kw)2 term in eqs A.5 and A.6 is therefore 
negligible for n 1 10. 

Neglecting the (k-v)2 term,27 we can easily compute the 
infinite sums in the rhs of eq A.1: 

2L28k(u)sk(u’)lu x u’l x 

K-lC-- - ( - I ) ~  1 - I YeKb )n - = 
n i l  n! n u X u’l 

2L2s,(u)sk(u’)lu x u’l x 

K-‘[ -El( F) u x U’I + El( f--) u x U’I - xb]  (A.7) 

K-’[ -El( F) u x u’( - y - In (F)] u x U’I (A.8) 

where E1(x) is the exponential integral defined byz8 - (-x)” 

“-1 n!n 
El(x) = xm: dt  = -y - In x - E- (A.9) 

with Euler’s constant y = 0.577 21 ... Using eqs A.2, A.4, 
and A.7-9 and neglecting the k terms, we finally have eq 

B. Computation of 9[ ( w“iH)”]. In order to compute 
9 [ (wesH)n] we use the oblique coordinate ( [ ,q , { )  introduced 
by Strale~:~pW 

r = u t  + u’q + v{ (B.1) 
where vector v is a unit vector perpendicular to both u 
and u’ 

14 for Wk(u,u’). 

u x u’ v = -  
1u x u’l 

In this coordinate system, the two rods overlap when 
< L/2,1q1 < L/2, and Ifl < b. The volume element d r  is 

Integration of eq B.4 and use of kb  << 1 give eq A.5. 
C. Expansion of lu X u’I and  lu X u’l In (l/lu X u’l) 

with Spherical Harmonics. Expansion of lu X u’l is 
already given in ref 4. 

al = 0 (for odd 1) 

Using the Legendre polynomial Pr(u*u’), we expand lu 
X u’l In ( l / lu  X u’l) as32 

where we used the relationship PI(u*u’) = [4~ / (21  + 
l)]CmYlm(u) Y*lm(u’). The expansioncoefficient blisgiven 
by 

bo= ln2-1 /2  (C.4) 
b, = 0 (for odd 1) 

= (“ ;!;)!!I2 In 2 - (1’ + 1 + 4)/8 + 
(1 - 1)(1+ 2) 

4 (r - l)!!(21- r - l)!! 

r!!(21- r)!! r-0 (1 - r - 2)(1- r)(l- r + 2) 
even 

(for even 1) ((2.5) 
where the summation with respect to r  is set to zero unless 
1 2 4 and we have used the formulas 

P,,(COS e) = 2C n-l (2r - 1)!!(4n - 2r - l)!! 

r-0 (2r)!!(4n - 2r)!! 
cos 2(n - r)d + 
(2n- I)!! [ ] (C.6) 

(2n)!! 

((2.7) s,” In (sin 0) dB = -A In 2 

A s,”cos 2nd In (sin 0) dd = - - 2n (C.8) 

D. Matrix Representation of @k(u,u’). Let W be an 
operator 

We have from operator W matrix W, the (lm,l‘m‘)th 
element of which we compute by (1mlWlh’) = Sdu  
Y*I,(u)WYp,~(u). Using eqs C.l and C.3, we have W as 
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W =  (l+*)(psT-PQP) + l n Y  1 + 
-(-ss 1 T -PQEP) (D.2) 
K b  2 

where s is a column vector, P a symmetrical matrix, and 
Q a diagonal matrix. Explicit forms for s,P, and Q are 
given in refs 4 and 5. QEis a diagonal matrix, the (lm,l’m’)- 
th  element of which is given by 

( lmlQEll’m’) = b16,,,6,,, (D.3) 
We use eq 15 to compute matrix W for the low charge 
limit: 

1 2 Y  W = (- 2 + - ?rKb -)ssT - PQP (D.4) 

It is evident from eqs D.2 and D.4 that the interaction 
matrix W for charged rod systems reduces to the zero- 
charge one in the limit K b  - = or Y - 0 

(D.5) 

Matrix @ that corresponds to operator 91, is simply given 

(D.6) 

1 W(’) = psT - PQP 

by45 

@ = E + ?rvbL2W 
where E is the identity matrix. 

give in this section explicit forms of eqs 28 and 29. 
E. (a(U)@ks*k(U))  and (df)(u)@&’(u)). Weshall 

We have from eqs 18 and 25 

cg,(K) = (ldf’(u)12> 
= (1/2)[G,(K) - G,(K)I (for 5 = c) 
= (1/8)[G(K) - 2G2(K) + G4(K)I (for F = 8 )  

03.4) 
where Si ( x )  is the sine integral and functions G2(K) and 
G4(K) in eqs E. l  and E.4 are as follows: 

K3 2KZ-1sin2K--cos2K] K (E.6) 
4 
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